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Equations are derived predicting the error for applications of thermistors as 

temperature sensors in differential thermometric. titrimetry. The predictions are 

compared with the error measured experimentally for a circuit with NTC thermistors. 

IKI-RODIXTIOS 

A new thermometric circuit constructed from operational amplifiers was 

described by Van l-11 and Johnson’. The sensitivity of the circuit output, when used 
with NTC thermistors, was shown to be nearly equal to the theoretical value_ This 
circuit, together with a new differential calorimeter described by VanTiIand Johnson’, 

was applied to a series of thermometric titrations of 4_aminopyridine, a proposed 

calorimetric standard, with standard solutions of HCI0,3. The application of 

differential thermometric titrimetry for precise determination of heats of chemical 

reactions in solution is presently restricted by the lack of a theoretical understanding 

of the primary sources of experimental error and their minimization. An estimation of 

error for differential thermometric titrimetry as applied in ref. 3 is derived here. 

THEORY 

Consideration of the heat of dilution in differentia1 thermometric titrimetry is, 

in principle, eliminated since titrant is added simultaneously and at identical rates to 

both the reaction vessel, containing solvent and reactant, and the reference vessel, 

containing on!y solvent_ This simplification presumes identical values of the final 

ionic strength for both solutions. Aiso ignored as a smxrce of determinate error in this 

discussion is error in the heat capacity determined for the reaction and reference 

vessels at the equivalence point in the thermometric titration. The thrust of. this 

derivation is the estimation of random error_ 

* Presnt afidrcs: Gxporate W UOP Inc. Des P!aines_ IL 60016. Author :o whom care 
spondaeshouldbescnt. 
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In the course of a difierential thermometric titration for the determination of 

heats of exothermic chemical reactions, heat is generated electrically in the reference 
cfzli to increase the temperature by an amount equal, hopefully, to that of the reaction 
cell_ The heat of the chemical reaction, AH,, is calculated on the basis of the ekctrica! 
heat equivalent, dg,,, and the ratio of heat capacities for the reaction and reference 

vessels, c2/cI, according to eqn. (I). 

in eqn. (1) the subscript rl denotes that the designated quantity corresponds to the 

limiting reactan t Aq,_, is calcukted for the time interval, i, from the product of 
current and potential for the s*andard resistor used as the heating element in the 

ref-krexe vuscl. 

The symbol J in eqn_ (2) is the Joule mechanical equivalent of heat (4_ 1234 joulecal- I). 
The ratio of heat capacities in eqn. (1) is dete.rmined by comparison of the 

electrical equivalent of hut required in both vessels to produce nearly identical 
&an= in temperature for the two vessek 

E;Gr; Ad., = , = c,AT; (3) 

The prime notation in eqns. (3) and (4) denotes that the values of dcsignakd quanti- 
ties for the calibration of heat capacity are not neazssan .iy equal to corresponding 
values for a thermal titration. The standard heating resistors of the two cells are 
connected in series for determination of heat capacity ratio and, consequently, 
I; =I:andt; = ti. Hence, the ratio of heat capacities is given by eqn. (5). 

C- ACAT: -CL (3 
Cl E;AT, 

The constant current used for balancing the cell temperatures during the 
titration is apal to the current used for determination of heat capacities and, con%- 
qu.entIy, Es = E;_ The constant current is monitored by measurement of the potential 
drop acro~ a standard resistor in series with the heaters and I, in eqn (2) is caiculated 
according to eqn. (6). 

I, =Eyd 
Ku9 

Eqn. (1) for Aff, may now be rewritten as given by eqn. (7). 

(6) 
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The conventional method of error analysis is applied to eqn. (7) to estimate the 
standard deviation of AH, S,,;, as described by eqn. (8). 

The value of S, is zero since there is assumed to be no fluctuation in the value of J_ 
The remaining variables in eqn. (8) involve the five primary quantities measured: 
energy, time, temperature, mass, and concentration of the limiting reactant in the 
calorimetric determination. The conclusion that is evident, from examination of 
eqn. (8), is that Sd,,, is minimized when the values of the denominators of each 
quantity are maximized, assuming of course that AH, is mnstant over the range of 
concentrations studied. 

Temperature imbalance between the reaction and reference vessel in thermo- 
metric calorimetry is frequently followed by recording on a strip-chart recorder the 
potential imbalance for the thermistor bridge (see ref. i). The bridge potential is 
observed to drift sIowIy, even in the absence of chemical or ekctrical heating, when the_ 
thermometric cells are not in thermal equilibrium with their surroundings and the rate 

of heat exchange is not identical for the two vessek The rate of drift is expected to be a 
function of the magnitude of the temperature difference between the vessels and their 
surroundings and, hence, the baselines recorded before and after the thermometric 
titration or electrical calibration are not expected to have identical slopes. Determi- 

nation of the net change in temperature resulting from the chemical or ekct.rica! 

heating involves a graphical procedure requiring extrapolation of the baseline regions. 
Uncertainty in the baseline estimates is a major source of uncertainty in AH,_ 

Theoretical examination of error resulting from baseline uncetintv begins 
with the equation for the output of the thermistor bridge reported in ref. 1. 

eo.3 = - (2) e- - (3) =+ 
The response of a thermistor to a small change of temperature is approximated by 
eqn_ (IO)_ 

1 AR, 
(4 

B, 
R, AT, 

g- - 
T: 

(10) 

Assumptions beneficial to this derivation result when the temperatures of the caiori- 
metric cells are cIosedy matched before and after the determination of the heat 
capacity ratio and the thermometric titration (AT -E 5 m°C)_ Assuming also that the 



two thcmnistors aret matched for resistance and sensitivily, T, - T’ is small, R, z R,, 
e, = -e_ = e, and dRJdT, zz dR,;‘dT,_ Equation (9) can now be written as given 
by eqn_ (II)_ 

to.3 = -“;,“‘) K/e = (2) f+ - [““, z)] ($) e = 
I 2 c 

The substitutions R = ‘k; R,, /3 = ,ifl,a, and T = ,m,Ti are made in eqn. (11) for ,- 
the purpose of simplification of the nomenclature. The temperature change in each 
cell for the total calorimetric experiment does not exceed OS’C and the sensitivity of 
the thermistors can be considered constant_ 

During the initial period in the calibration procedure, eom3 is given by eqn. (12). 

eo_3i = - I BVI_i - T’,_i) ‘R, e 
7-;= It ) R. 

During the tins1 period eqn. (13) applies. 

4.3.f = - _-_e-. - (13) 

The primes in eqns. (I i ) and (12) signify that the designated quantities correspond to 
the calibration as specifkd preuiously_ Since TI - Tr < O_OS”C, the substitution 
c= = 7; = T” is accurate_ Subtraction of eqn. (11) from (12) yields eqn_ (14) 
describing the net chztne of tie 3_, . Ati 3_ durin,o the calibration. . 

A43.3 = 4.3.f - 4.3.i 

Equation (14) is rearran,@ to give the ratio temperature chanSe in vessels 1 and 2. 

AT, -- = T,., - r,_i 
AT’, ?_=J - T’,i = 

1 i- (5) ($gj (13 

An equation similar to the above can be tvritten for the temperature change occurring 
during the chemiul reaction (titration)_ 

(16) 

The vahxes of temperature ratios described by eqns. (15) and (16) may differ from 
unity because of any mismatch of the heat capacities of thecekand operator judge- 
ment in evaluating APO,,. The parameters RI. fi, and e are virtually constant for the 
conditions prescribed_ The product RTZ is not a constant. however, because R 
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decreases at a rate of approximately 4 pph’C- r while T2 increases at a rate of 

4 ppt”C_ r. Consequently, the ratios are likely to pass through a value of unity during 

the course of the experiment. 
The desirability of minimizing the values of the second te_rms in eqns. (15) and 

(16) should be emphasized. R and Tare calculated from the average values of R,, R2, 

T, and T2 for the range of experimental temperature in each cell during electrical 

heating. AT; is determined from the result of a separate heating by electrical means of 

the reaction vessel, cell 2, following determination of the heat capacity ratio. Values 
calculated for AT,’ carr be checked and the circuits calibrated by monitoring the 

reference vessel, cell I, by a precision mercury thermometer. The heat capacity of ceil 

2 can be matched with that of cell 1 by adjusting the quantity of mercury placed in a 

glass tube with the bottom end sealed and submerged in the liquid of cell 2. 

The largest contribution to the error calculated by eqn. (8) is from the terms 

(AH,/AT;,‘S&, and (AH,!AT;)2S~T2. Probably a more realistic estimation of error 
requires the multiplication of these terms by the ratio ATJAT,. The corresponding 
terms become (AHJq)2S,’ and (AH,lj)2Si, respectively, where 17 = ATJAT.. and 
< = AT2/ATl. The value of S, is given by eqn. (17) since the error in the first term of 
4 is zero and no cross correlation exists between the first and second terms. The value of 

SC is calculated from an equation nearly identical to eqn. (17) with 3 f 1 replacing 

rl - 1. The room temperature, T, is considered to be constant and S,, is assumed to 

be zero. The terms q/2T. q!R and q;fi are ne&ible since q can be adjusted to 1 * 0.02. 
Hence, the final form of eqn. (S) for calculating the standard deviation of AH, 

as determined from differential thermometri.: titrimeiry is given by eqn. (IS). 

+ (+)2s; + (dH_jzsL, + (.+)2 sz_, 

RESULTS AXD DISCUSSION 

CW 

Data are given in Tables I and 2 which were obtained from a series of thermo- 

metric titrations of Qaminopyridine (4AP) with HCIOa as described in ref. 3. This 

data is used here for theoretical evaluation of Sd,,,. Comparison is made to experi- 

mental deviation determined from -AH, data by the least squares method. 

The numerical evaluation of S, by eqn. (17) is given in eqn. (19). 



TABLE I 

P-FORT?ElL- TTI’RAT-SO~ OF 4-AUISOPYRID~AQ) BY HClO&& (DATA FROM 

-rluL+FlsIs_3) 
_ ._.__-. ---. ---------- -_ 

Pmp;rrpcrcr vi7riie Stunckmd &vLztion unixs 

1_4!a6o f-7 x 10-s 
48358 x lo-’ 20x10-~ 
l.oaxm 20x 30-s 

1309-43 19 x IO-St 
3-59 x lo-' 20x10-* 

l rizblc 5.9 x 10-s 
11243 1obccaIcularcd 
0.185985 3.0 x lo-‘ 
99.983 3-4 x IO-' 

VOll 

z 
see 
‘C 
volt 
km1 
g 
per-t 

z 1 s,t = (1.18 x IO-()’ + (2 x 10-y 

2 
i (2 x 10-y = 6.82 x lo-’ + 5-5 x lo-la + 4.2 x IO-’ 

= 6.83 x IO-’ (19) 

The numerical evaluation of S, is given in eqn_ (20). 

5-o x lo+ 2 -.a 2 

sg = 
22 x 1o-a 

(1.18 x IO-*)’ _t ‘-’ “1 lo ) (2 x 10-5)2 

i t5-’ x lo-‘)’ (2 x 10-3)2 = 7.19 x IO-’ + 1 x lo-l6 + 8 x IO-” 
I-1 x 10-l 

= 7.19 x lo-* (20) 
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TABLE 3 

1 IEAT OF PEUTRA LIZATIOS OF +AYI%PYRIDISE(AQ) (DATA FROM REF. 3) 

mid Imm- AP - AH.s-,rxp - AHx.crt R 
(mole kg-l) (kcal mot-‘) (kcal mol+) 

&H/kcor~ 

(Cal) (cau 

1 7.8673 11243 11250 -7 10 
2 6.1978 11249 11.238 11 11 
3 4.4655 11236 llz5 11 11 
4 SO67 11.192 ll_~ao -16 13 
5 0.90892 11.192 11.189 3 24 

6 12468 11.284 112iP 5 10 
7 10.407 11257 11.266 -9 11 

These calculations illustrate that the oniy important contributions in the present case 
are from the first terms which result from deviations in e,,_ 

The evaluation of SdIr, is given in eqn_ (21). 

( 1.12 x lo* 

) 

2 

( 

l-12 x 10” 

> 

2 
S2 MI, = 

1.46 
(7.7 x IO+)’ + 

9.84 x iO_’ 
(2 x lo+)’ 

+ 11.12 x 2 2 

\ 

10C 

1.3 x 10s 
(2.49 x 10-2)’ + (6.83 x lo-‘) 

I 1.12 x lo* 2 
. 

( o-999 ) 

1.12 x 10” a 
(7.19 x lo-s) j- 

( l-86 x 10-l > 
(3 x 1o-“)2 

l-12 x lo* 
+ 0.99983 (3.4 x lo-‘)2 = 0.35 i- 0.2 i- 0.045 + 84 -t 9 + 0.033 

f 14.5 = 108 S,, = 10 caf (21) 

This calculation illustrates that the error in AH, results primarily from 9 and Ej and the 
uncertainty in the purity of the 4-AP. Hence, careful measurement of these quantities 
is of paramount importance- Uncertainty in the quantity m,, is not serious.based on 
measurements made with available microbalances un!ess sample weights are Iess than 
2 mg. 

Table 3 is a compilation of data from ref. 3 calculated by the least squares 
method using eqn. (22) for the heat of neutralization of 4-AP. The calculated standard 

- AH, = 1.1164 x lo4 + 7.37740 x 10’ ml” f 2.58834 x lo3 nz (22) 

deviation is in fair agreement with the residuals between calculated and experimental 
values of - AHN for individual experiments_ When the standard deviation for the 
entire series of thermometric titrations is calculated from eqn. (23), the result is 

S dH,.exp = 12 cal which is in good agreement with SdII,,r,c,,r = 13 Cal. If we consider 



the Yahles of SJJ.f,_I& IO be theoretically derived residuals, the corresponding value 

of the overal! S,,_.,, is 16 CA which is still in good agreement with SdU,_rxp_ 

In conclusion, the a=mment between theoretically and experimentally deter- 
mined estimates of calorimetric error for a series of differential thermometric titrations 

is satisfkctory. This sugysts that reliable 2 priori estimates of error can be made for a 

variety of experimental conditions using the error equation derived here. 
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